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Abstract. For any commutative ring R, we introduce a group attached to R, the Brauer-Galois 
group of R, defined to be the subgroup of the Brauer group of R consisting of the classes of the 
Azumaya R-algebras which can be represented, via Brauer equivalence, by a Galois extension of R. 
We compute this group for some particular commutative fields. 
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Introduction. 

Galois extensions of noncommutative rings were introduced in 1964 by Teruo Kanzaki [13]. 
These algebraic objects generalize to noncommutative rings the classical Galois extensions 
of fields and the Galois extensions of commutative rings due to Auslander and Goldman [1] . 
At the same time they also turn out to be fundamental examples of Hopf-Galois extensions; 
these were first considered by Kreimer-Takeuchi [18] as a noncommutative analogue of the 
torsors in algebraic geometry. Since Galois extensions are separable (Corollary 2.4) and 
since the class of central Galois extensions ijj : R — > S over a fixed commutative ground 
ring R behaves well under tensor product (Theorem 3.1), we may introduce a subgroup of 
the Brauer group of R, that we designate by Brauer-Galois group of R. The purpose of 
the present paper is to compute this object in some particular cases. 

First of all, we need to recall the definitions and collect some basic properties of 
Galois extensions. This is done in section 1. In the second part, we investigate particular 
ring extensions such as centralizing, Galois-Azumaya, Frobenius or separable extensions. 
We observe that Galois extensions are Frobenius and deduce from this fact that there 
exists a quantum object, called 7£-matrix, which is in a natural way attached to any 
Galois-Azumaya extension ip. Therefore ift gives rise, for any n > 2, to a representation 
of the braid group B n (§ 2.3). The quaternion algebras furnish an archetypal family of 
examples of Galois-Azumaya extensions over their centre. We show that the "n'th power 
norm residue algebras" - - a generalization of quaternion algebras originate from Class 
Field Theory — are also Galois-Azumaya extensions over their centre (Theorem 2.11). In 
the last section, we prove that the category of centralizing Galois extensions over a fixed 
ground ring R is stable under tensor product (Theorem 3.1). This property enables us to 
introduce BrG a i(i2), the Brauer-Galois group of a commutative ring R: it is the subgroup 
of the Brauer group of R consisting of those classes £ £ Br(i?) for which there exists a 
finite group G and a G-Galois-Azumaya extension ift : R — > S, such that £ is equal to the 
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class [S] of S modulo stable isomorphisms. The computation of this object is in general 
at least as difficult as the determination of the classical Brauer group is. However, when 
n is a positive integer and the ring R is a field F with some arithmetic conditions with 
respect to n satisfied, we may use results by Merkurjev and Suslin in order to identify 
the n-torsion of BrGai(F) with that of Br(F) (Theorem 3.4). The main point lies in the 
fact that the n'th power norm residue algebras generate the n-torsion of Bra a \(F) and are 
Galois-Azumaya extensions over their centre. As a consequence, for some particular fields 
of characteristic zero the Brauer group and the Brauer-Galois group coincide (Corollary 
3.5). 

1. Reminder on noncommutative Galois extensions. 

Let k be a commutative ring, fixed throughout the paper (possibly k = Z, the ring of 
integers). By algebra we mean an associative unital /c-algebra. A division algebra is either 
a commutative field or a skew-field. If R is an algebra, an R-ring S is an algebra S coming 
along with a morphism of algebras ip : R — > S. We call ip : R — ► S a (ring-) extension. 
A morphism of extensions from if) : R — ► S to ip' : R' — ► 5" is a pair (ip,ip), where 
(p : S — ► 5" and (p : R — ► R' are two morphisms of algebras verifying <p o ip = ip' o dp. An 
i?-ring S carries always the -R-bimodule structure r ■ s - r' = ip(r)sip(r') (with r,r' G R and 
seS). 

For any extension ip : R — > S, the group S(3rS inherits an S-bimodule (hence, via 
ip, an .R-bimodule) structure by s\ • (s2®S3) • «4 = siS2<S>S3S4, with s±, S2, S3, S4 e S. A 
tensor r\ G S®rS is called a Casimir element in S®rS if it is symmetric in the S'-bimodule 
S®rS, that is, if it verifies, for all s G S, the equality ns = srj. 

An .R-ring S is endowed with an i?-algebra structure if and only if R is commutative 
and the morphism ip factors through the centre Z(S) of S. An extension ip : R — >■ S 
is centralizing if the ring R is embedded in the centre Z(S) of S (in this event R is 
commutative and S is an .R-algebra). The extension ip : R — > S is central if there is a 
bijection between the ring R and the centre Z(S) of S (this means that S is a faithful 
-R-algebra and that we can identify R with R ■ 1). An extension ip : R — ► S is said to be 
commutative if the rings R and S are commutative. 

1.1. The definition of noncommutative Galois-extensions. 

Before we recall the definition of noncommutative Galois-extensions, we need to introduce 
some notations. Let S be an algebra and G be a finite group. Denote by S(G) the algebra 
of all maps from G to S, the sum and the product of two maps being calculated pointwise. 
Let 5 9 : G — > S be the Dirac function at the point g G G. It is defined by S g (h) = d g ^i 
for any h G G (d 9j h stands for the Kronecker symbol of g and h). View S(G) as the free 
left S-module of rank |G| (the order of the group G) with basis {5 g , g G G}, and with the 
product 

(sSg)(tS h ) = Stdg^Sg, 

for s,t G S, and g,h G G. The family (5 g ) ge G is then a collection of orthogonal idempo- 
tents, the sum of which 5 g being equal to the unit of the ring S (G) . 

geG 
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Suppose now that G acts by ring automorphisms on S. Denote by g(s) the result of 
the action of g G G on an element s G S. Endow S(G) with the S'-bimodule structure 
given, for g G G and s g , s, t G S, by the equality 

S ■ Yl S 9 6 9 - t= Yl SS 99(t)$g- (1) 

geG 9 eG 

For any subalgebra R of S contained in the algebra S G of the invariant elements of S 
under G, define the map T s /r : S®rS — > S(G) by 

geG 9 eG 

with s®t G S®rS. This map Ts/r, sometimes denoted by T^ or simply by T, is a 
morphism of S'-bimodules (hence of -R-bimodules). Equipped with all these notations, we 
are now able to state the definition of a Galois extension. 

Definition 1.1. A G-Galois extension ip : R — > S is a morphism of algebras ip : R — >■ S, 
together with a finite group G acting by ring automorphisms on S and trivially on ip(R) 
such that: 

- the morphism ip is faithfully flat (that is S is, via ip, a faithfully flat left -R-module); 

- the morphism of S'-bimodules T S / R : S®rS — >■ S(G), called in this case Galois mor- 
phism of S/R, is an isomorphism. 

The group G is called a Galois group of ip. A G-Galois extension ip : R — > S is centraliz- 
ing 1 (respectively central, respectively commutative) if the underlying extension is central- 
izing (respectively central, respectively commutative). A G-Galois extension ip : R — >■ S 
is said to be strict if the order of the group G is invertible in the ring S. 

1.2. Preliminary results. 

Galois extensions verify many nice properties. We restate those which are necessary in the 
rest of this paper. 

1) If ijj : R — > S is a G-Galois extension, the algebra of invariants S G is exactly ip(R) 
and the morphism ip is injective [20]. Thus one may identify ip(R) with R and treat 
ip as an inclusion. 

2) The abelian group S is, via ip, also faithfully flat as a right -R-module, and R is a direct 
summand as well of the right -R-module S as of the left -R-module S ([27], Proposition 
1-2). 

3) The left -R-module S is, via ip, a left .R-progenerator, that is a finitely generated 
projective left -R-module which is also a left i?-generator ([27], Lemme 1.4). 

3') The same sentence as 3) but with "left" replaced everywhere by "right". 

The proof of these statements call in a crucial way on a morphism of -R-bimodules 
S — ► .R, the trace map, which appears as some kind of .R-linear section of the inclusion 
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tfj. Let ip : R — > S be a G-Galois extension. Since S is exactly R, the map from S to R 
denoted by tr $/r or tr and given by 

tr(s) = ^9(s) 
geG 

is well defined. It is a morphism of -R-bimodules, called the trace map, and clearly verifies 
tr o ip = \G\ • id.R. 

Galois extensions as Hopf-Galois extensions. Let G be a finite group and let H = k G 
be the Hopf algebra with /c-basis {5 g } ge G, with multiplication • and comultiplication 
defined by the formulae 

5g ■ 5g> = dg 7 g>5 g WY([ A H (5g) = ^ 5 a <g)5 b 

ab=g 

(the unit in 7i = k G is the element 1 = 5 g and the counit is the map defined by 

geG 

e(8 g ) = if g ^ e and e(5 e ) = 1). A Galois extension ip : R — > £ with Galois group 
G is then an 7i-Hopf-Galois extension (we refer to [18] for the definition), where S is an 
H-co module algebra with the coaction As : S — > S®H given by A s (s) = ^ g(s)®5 g . 

geG 

Examples 1.2. The prototypical examples of Galois extensions are: 

- The classical finite Galois extensions of commutative fields. 

- The Galois extensions of commutative rings, introduced by Auslander and Goldman 
[1], studied by Chase, Harrison, A. Rosenberg and Sweedler ([5], [6], see also [17]). 

- The algebra of diagonal matrices. For any division ring D and any non-negative 
integer n, the diagonal map ip : D — > D n defines a Z/nZ-Galois extension ([27], § 
2.2). 

- The trivial Galois extensions. Given any (non) commutative ring R and any finite 
group G, then G is realizable over R, that is one may construct a (non) commutative 
Galois extension ip : R — ► S having G as Galois group. Do it in the following way: 
set S = R(G), embed R into R(G) via the diagonal map ip(r) = ^ rd g (r e R), and 

geG 

let G act on R(G) by the formula 

g(rS h ) = rS hg -i, 

forreR and g,h G G. Such a Galois extension is called trivial. It is straightforward 
to see that when one identifies both R(G)®rR(G) and R(G)(G) with R(GxG), then 
the isomorphism T : R(GxG) — ► R(GxG) deduced from the Galois isomorphism T^, 
is given by 

r(rS( 9 ,h)) =r5 {9j g-i h) , 
for any r G R and (#, h) G GxG. 
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- The quaternion algebras over a field of characteristic different from 2. Let F be a 
commutative field of characteristic different from 2. Fix two elements a, b G F x . 

Denote by (^-) the quaternion algebra over F. It is obtained by dividing the free 
F 

associative F-algebra on two generators i and j by the relations i 2 = a, j 2 = b and 

ij = —ji. It is well known (see [30] for example) that (^-) is a central simple algebra 

F 

of dimension 4 isomorphic either to the algebra of matrices M 2 (F) or to a skew field, 
depending whether the Hilbert symbol (a, b)p is equal to 1 or to —1 (when F is the 

field R of the real numbers and a = b = — 1, then ( — ^- — ) is the skew field H of 

Ft 

a b 

Hamilton's quaternions). The Klein's Vierergruppe V = (Z/2Z) 2 acts on (— — ) by 

F 

a(i) = i, o:(j) = —j, (3(i) = —i, (3(j) = j, where a and f3 are two generators of V. In 

a b 

[26] (Lemma 4.3.2) we proved that the extension F — > (~pr) is F-Galois (see also 
[27], § 2.3). 

- A counter-example: The quaternion algebras over a field of characteristic 2. Let F 

be a commutative field of characteristic 2. Fix two elements a, b G F. Denote by 
d b 

H a ,b = [-^r) the quaternion algebra over F (see [2]). It is obtained by dividing the 
F 

free associative F-algebra on two generators e± and e 2 by the relations e 2 = e± + a, 
e\ = b and e2ei = eie2 + e 2 - The ring FL a ^ is a skew field if and only if the polynomial 
Xl + X X 1 + aXf + b(X 2 + X X X 2 + axj) G F[Xq,Xi, X 2 , X 3 ] has the only one root, 
namely (0,0,0,0). When H a b is a skew field, with b = c 2 a square in F, we have 
shown ([26], § 2.4) that the extension ip : F — > H a ,b can never be Galois. 

For the sake of completeness, we state again an important result, proved in [27] (Theoreme 
1.9), which we need in the sequel: 

Theorem 1.3. Let G be a finite group and ip : R — > S be a strict G-Galois extension. 
For any subgroup H of G, denote by U = S H the ring of fixed elements of S under H and 
by 9 : U — ► S the canonical inclusion map. The morphism 9 is then a strict H-Galois 
extension. Moreover, if H is normal in G, the canonical inclusion map 9' : R — > U is a 
strict G/ H-Galois extension. 

1.3. The Galois element. 

Let ip : R — > S be a G-Galois extension. For any g G G, denote by r\ g the element T~ 1 (S g ) 
in S®rS. The identity (1) implies the equality 

VgS = 9{s)Vg, 

which holds in S®rS, for all s G S. Denote by e the neutral element of the group G. 
Then n e G S®rS is called the Galois element for ip; it is in particular a Casimir element. 

m 

Fix once and for all a decomposition Xj<S>yi of the Galois element n e G S®rS. The 

i=i 

2m-tuple (xi, . . . , x m ; y±, . . . , y m ) is called a Galois basis ofifj. The equality T(t] e ) = 5 e can 
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m 

be expressed by ^^Xig(yi) = <9 5>e - We state now, without proof, the properties verified by 
the elements rj g e S®rS, which we need here (for details, see [27]). 

m 

The element r\ g can be recovered from the Galois element r\ e = ^^x^yi, namely 

m m 

?7 3 = Xi®g~ 1 {yi), which implies the equality Xigh~ 1 (yi) = d g ,h- Finally the collec- 

i=l i=l 

tion of all rj g (for g e G) form a "partition of the unity" in the following sense: one has 

Lemma 1.4. Let G be a finite group and ip : R — > S be a G-Galois extension. The 
opposite morphism ip° : R° — > S° defines then a G-Galois extension, G acting on S° via 

9(s°) = (d&T- 
Proof. It is clear that (S°) G = (S G )° = R°. By [27] (Theoreme 1.5), it remains to show 
that the morphism T^o from S°®r S° to S°(G) given by 

is surjective. To this end, choose a Galois basis (xi, . . . , x m ; y±, . . . , y m ) of ip. Then 

which is equal to <5 ff , according to the identity (5') in [27]. □ 

a b 

Notice that the quaternion algebras (-j=-) over a commutative field F of characteristic 

F 

different from 2 are isomorphic to their opposite algebras. 
1.4. Tie categories (Sat and <&al(G). 

First introduce the category (Sat of Galois extensions: its objects are the couples (G, ip : 
R — > S), with G a finite group and if) : R — > S a G-Galois extension; a morphism in (3al 
from (G, ip : R — >■ S) to (G', tp' : R' — > S') is a triple (/, cp, 0), where / : G' — > G is a 
morphism of groups and ((p : S — >■ S',<p : R — >■ R') is a morphism of extensions (that 
is ip o ip = ip' o (p) verifying ip o f(g') = g' o ip, for all g' G G' . Necessarily (p is then the 
restriction of <p to R. In a similar manner, define the full subcategories (Satstt, (Satcent, 
^atSljum or (Satcom of C5at; their objects are respectively the strict, centralizing, central 
or commutative Galois extensions. 

Let (Spf be the category of finite groups and -n 9r : (Sat — > (&pf be the contravariant 
functor defined by n gr {G, ip : R — >■ S) = G. The fibre category of n 9r over a fixed group 
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G is denoted by <5al(G); its objects are therefore the G-Galois extensions ip : R — ► S; a 
morphism from (ip : R — > S) to (ip' : R' — > S') in <3al(G) is a couple (ip : S — > 5", <p : 
R — > R') of morphisms of algebras such that ip is G-equi variant (that is ipo g = g o ip for 
all g G G) and ip' o ip = ip o ip . Observe that Cp is induced by restriction by tp. Starting with 
<5al(G), one may define in an obvious way the full subcategories (Satstt(G'), (S>a[cent(G), 
0al2l3um(G) or ©alcom(G) of 0al(G). 

Proposition 1.5. Let (<p,<p) be a morphism from (ip : R — >■ S) to (ip' : R' — > S') in 
<&al(G). Then 

<p o r = r' o ((p<8xp). 

Here V (respectively V) stands for the Galois isomorphism of S/R (respectively of S'/R'), 
and is the morphism of left R-modules from S(G) to S'(G) defined by <^(^ s g$g) = 

g€G 

geG 

Proof. For any element s®t G S®rS, one has the equality 

(r' o (<p®<p))(s®t) = <P(s)g(<p(t))6 g , 

geG 

whereas (<p o T)(s®t) = ip(s)(p{g(t))8g. The proposition is then a consequence of the 

geG 

G-equivariance of <p. □ 

Corollary 1.6. Let (<p,<p) be a morphism from (ip : R — > S) to (ip' : R' — ► S') in 
<5al(G). If i] e (respectively rj' e ) is the Galois element for ip (respectively for ip'), then 

(<p®<p)(r} e ) = n' e . 



Proof One has (r ; o (<p®<p)) (r] e ) = (<p o r)(?7 e ) = <p(8 e ) = 8 e . The result follows from the 
fact that r' is an isomorphism. □ 

2. Galois-Azumaya extensions. 

2.1. Separable extensions. 

Let ip : R — > S be a morphism of algebras and S e = S®kS° the enveloping algebra of S 
over the ground ring k. Define the multiplication p, : S e — ► S to be the S' e -linear map 
given by p,(s®t°) = st, and denote by the kernel of jl. One easily sees that is 
generated by the elements s®t° — st®l° indistinctly as a left or as a right .S-module. An 
element r\ G S®rS is then Casimir if and only if • rj = 0. 

Proposition 2.1. Let ip : R — ► S be a morphism of algebras. The following conditions 
are equivalent: 

(i) The multiplication n : S®rS — > S splits as an S e -module morphism. 

(ii) There exists a Casimir element r\ in S®rS such that ^(rf) = 1. 
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If moreover R coincides with the (commutative) ground ring k, one of the two previous 
conditions is equivalent to the following assertion: 

(iii) The k-module S is projective as a left S e -module. 

Definition 2.2. A morphism of algebras ip : R — ► S is called separable if it satisfies the 
equivalent conditions of Proposition 2.1. A Casimir element rj in S®rS verifying n(rj) = 1 
is called a separability element of S. If moreover the extension ip is centralizing, then S is a 
separable R-algebra. Furthermore, if ip is central, then S is a central separable -R-algebra, 
or an Azumaya R-algebra 2 . 

Remarks: 

1. - One may also characterize separable extensions using derivations or Hochschild coho- 
mology (see for example [4], 1.3, Theorem 3]). 

2. - When R is the commutative ground ring /c, the separability element rj viewed as 
an element of S e is necessarily an idempotent of the algebra S e . This means: fix a 

m m 

decomposition Uj<S>Vj of rj G S®rS and set e(rj) = ^^Ui<g>v° G S e . Then e(rj) 2 = e(rj). 

i=i i=i 
Indeed, e(rj) 2 - e(rj) = e{e(rj) ■ e - (l®l°)rj) G e(0^ • rj) = 0. 

Proof of Proposition 2.1. 

(i) =>- (ii) Let a be an S^-linear section of jx and rj = cr(l). Then fj,(rj) = ji o cr(l) = 1. For 
s®t°-st®l° G Sip, one has (s®t° - st®l°) -rj = (s®t°)a(l) - (st®l°)a{l) = a(st)-a(st) = 
0, hence fi^ • rj = 0. 

(ii) =^ (i) Since • rj = 0, one defines a map a from S to S®rS by a(s) = (s<g)l°) • r/. 
Thus a(s) = s-rj = (l<S>s°) -rj = rj-s. Then jioa(s) = ji(s-rj) = sji(rj) = s, and a is 5 <e -linear 
since a((s®t°) • it) = a(sut) = (sut®l°) ■ rj = (su®l°)(t®l ) ■ rj = (su®l°)(l®t°) ■ rj = 
(su®t°) ■ rj = (s<g>t°)(wg>l°) • rj = (s®t°)a(u). 

(i) <^=^ (iii) is well known (see [7]). □ 

Examples of separable extensions are ([7], [15], [17]): 

i) A finite product TJ Li/K of separable finite commutative field extensions L t /K (recall 
that a field extension L/K is separable if and only if the minimal polynomials of the 
elements of L have simple zeroes); 

ii) The n-fold product RxR . . . xR of a commutative ring R is separable over R; 

iii) Let A be a commutative algebra and E be a multiplicative subset of A. The localized 
ring E _1 A is separable over A; 

iv) The ring M n (R) of all nxn-matrices over a commutative ring R is separable over R; 

v) Let G be a finite group whose order n is invertible in a commutative ring R. The 
group algebra R[G] is separable over R; 

vi) Any Azumaya algebra. 

Definition 2.3. A morphism of rings if) : R — > S is called a G-Galois-Azumaya extension 
if ip is a G-Galois extension, is a commutative ring and 5 is an .R-Azumaya algebra, 
that is a central separable .R-algebra. 

We follow here the terminology proposed by Bourbaki [3] . Some authors deal only with Azumaya algebras 
over a field. These are central simple algebras [7] (as an example take quaternion algebras over a field). Recall 
that an Azumaya i?-algebra is simple if and only if R is a field. 
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For instance, the quaternion extension F — ► (~pr) (Example 1.2) is F-Galois-Azumaya, 
with V = (Z/2Z) 2 . 

Galois- Azumaya extensions verify nice properties in view of cohomology theories. On 
the one side, the group of automorphisms of an Azumaya algebra is well controlled ([17], 
IV) . For instance, if S is an Azumaya algebra over a ring R, then Aut(5'/ R) fits into an exact 
sequence of groups 1 — > R x — >■ S x — > Aut(S/R) — > Pic(i?), known as the Rosenberg- 
Zelinsky exact sequence [17]. Therefore, if the Picard group Pic(R) is trivial (what happens 
when R is a local ring or a principal ideal domain for example), one obtains the Skolem- 
Noether theorem, which asserts that any automorphism of S leaving R pointwise invariant 
is inner. On the other side, any G-Galois-Azumaya (or, more generally, centralizing G- 
Galois) extension ip : R — > S provides a natural crossed module of G-groups obtained from 
5' x — > Aut(S/R) which can be taken as coefficients for nonabelian hypercohomology [27]. 

We restate now a well-known and straightforward result [20] that furnishes further 
examples of separable extensions. 

Corollary 2.4. Any Galois extension is separable. 

Indeed, if ip : R — ► S is a G-Galois extension, the Galois element n e is a separability 
element for S, hence if) is separable. Therefore a central Galois extension amounts to a 
Galois- Azumaya extension. We remark now that Galois extensions own another interesting 
structure, that of a Frobenius extension. 

2.2. Frobenius extensions. 

A morphism of algebras ip : R — > S is called a Frobenius extension if there exists a 
morphism r : S — > R of -R-bimodules and a finite set of couples (ui, fi)i=i,...,m> with 
Ui,Vi G S verifying for all s G S the Frobenius normalizing conditions, that is 



^^Uir(vis) = s and T(suj)vj = s. 



i=l 



i=l 



m 

The collection ((wi,Ui)i=i,... jm ) allows us to construct the tensor rj = Uj<S>Vi G S®rS, 

i=i 

called the Frobenius element of the extension ip : R — > S. The datum ((ttj, fi)i=i,..., m , r) 
or (rj, t) is a Frobenius system. If R lies in the centre of S, the extension ip : R — >■ S is 
centralizing Frobenius (S is then a Frobenius R-algebra) . 

As examples of Frobenius extensions, let us mention, with Kadison, morphisms of 
integral group algebras ip : Zi[H] — >■ Z[G] (where H is a subgroup of G of finite index £, 
such that G = ]J giH, with gi = e, g2, ■ ■ ■ , gi G G) ([12], Example 1.7), and the Frobenius 
extensions obtained from certain types of von Neumann *-algebras ([12], Example 1.8). 
To this list, add the Galois extensions: 
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Lemma 2.5. Let G be a finite group. Any G-Galois extension ip : R — > S is Frobenius. 
As a Frobenius system one may choose the datum ((x{, £/i)i=i,..., m ) tr), where (xi, . . . , x m ; 
yi, ... , y m ) is a Galois basis of tp, and tr is the trace morphism. As a Frobenius element 

m 

one may take the Galois element n e = ^^Xi®yi G S®rS. 

i=i 

Proof. This assertion comes as an immediate consequence from the definitions and from 
the following two equalities, showed in [27] (Demonstration du lemme 1.4), namely: for all 
s G S, one has 

m m 

i=i i=i 

□ 

Let ip : R — ► S be a G-Galois extension. Denote by Cr(S) = {s G S \ sr = 
rs, Vr G R} = S R the centralizer of R in S. Clearly the group G acts on the algebra 
Cr{S) and Cr(S) g = Z(R). The general theory of Frobenius extensions ([12], 1.3) shows 
that once a Frobenius system ((itj, i>i)i=i,... jm , r) is fixed, there is an automorphism v : 
Cr(S) — ► Cr(S), called the Nakayama automorphism of ip, which verifies 

T(u(d)s) = r(sd), 

for any s G S and d G Cr(S). If the automorphism v is inner, the Frobenius extension is 
called symmetric. 

In the Galois case, taking as Frobenius system ( (cc^ , j/i)i=i,... 5 m? tr), where (xi, • • • , x m \ 
yi, . . . , y m ) is a Galois basis of ip, the Nakayama automorphism is given by the formula 

m m 

v{d) = ^2tr(xid)yi = s ^ s ^2g(x i d)y i , 

i=l gEG i=l 

for any d G Cr(S). If ifj : R — ► S is a centralizing G-Galois extension, then Cr(S) = S, 
and the Nakayama automorphism is defined on the whole ring S. 

Lemma 2.6. Let ip : R — > S be a G-Galois-Azumaya extension such that the Picard 
group Pic(R) is trivial. Then S is a symmetric Frobenius R-algebra. 

Proof. Denote by Inn(S') the group of inner automorphisms of S. When R has trivial Picard 
group, the Rosenberg- Zelinsky exact sequence asserts that Inn(5 l ) = Aut(S/R). It remains 
to show that the Nakayama automorphism leaves R pointwise invariant. For r G R, one 
gets 

mm m 

v( r ) = ^2^29(xir)yi = 9{xi)r)yi = r ^2^2g(xi)yi = r. 

g eG i=l i—l gEG gEG i—1 



□ 
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2.3. Galois representations of the braid groups. 

Let R be a commutative algebra and ip : R — ► S be a Frobenius .R-algebra. For any 

X = Xi®yi G S®rS, define three elements Ai 2 , A 2 3, Xi 3 in S®rS®rS by the formulae 

i=i 

mm m 

X 12 = y^(g)^(g)l, A 23 = ^ l®^®^ and X i3 = ^a^®!®^. 

i=l i=l i=l 

The properties satisfied by a Frobenius element ?y attached to the extension ip : R — > S 
lead to the fact that r\ satisfies the Frobenius-separability equation Xl 2 A 23 = A 23 Xl 3 = 
^13-^12 [4] (Definition 18), which obviously implies the Yang-Baxter equation Xl 2 X 23 Ai 2 = 
AT 23 Xi 2 X 23 (this result appears in [12], Theorem 4.7). Therefore, when r\ is invertible in 
S®rS, it defines a representation of E. Artin's braid group B n on n strings. Recall that 
B n is the group generated by symbols a"i, . . . , o~ n -i subject to the relations Oi<jj = OjOi 
(1 < h j < n — 1 an d \i — j\ > 1) and o i+ia \o i + i = OiOi+xOi (1 < % < n — 1). 

Proposition 2.7. For any centralizing G-Galois extension ip : R — > S, the Galois element 

i] e = ^^Xi®yi verifies the Frobenius-separability equation and therefore the Yang-Baxter 

i=i 

equation. For any G-Galois- Azumaya extension ip : R — > S, the Galois element r\ is invert- 
ible in S<S)rS, hence defines for any integer n > 2 a representation p^ : B n — > Au.t(S® Rn ) 
of the braid group B n . 

Proof. The proposition is a consequence of Lemma 2.5, of the observation stated above, 
and of a crucial result by Kadison [12] (Theorem 5.14) asserting that a Frobenius algebra 
S/R is central separable if and only if the Frobenius element is invertible in S®rS. Now 
an invertible solution r\ of the Yang-Baxter equation defines an element £ v in Aut r(S(3S), 
the left multiplication by r\. This automorphism £ v is then a solution of the Yang-Baxter 
equation for endomorphisms, a so-called 7£-matrix, hence gives rise, for any n > 2, to a rep- 
resentation p^ of the braid group B n in S® Rn given by p^,(0"i) = id®*- 1 1 ' ) ®£ ?7 ®id£ (n 1 ^ 
[14] (Corollary X.6.9). □ 

Definition 2.8. For any G-Galois-Azumaya extension ip : R — > S, the representation p^ 
is called the Galois representation of B n attached to ip. 

Corollary 2.9. A morphism (<p, 0) from (ip : R — > S) to (ip' : R' — ► S') in (Sa^um(G) 
induces, for any integer n > 2, a morphism p^ — > p^, of Galois representations of the 
braid group B n . 

Proof. Fix n > 2. From Corollary 1.6, one deduces that the diagram 
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is commutative. □ 

ci b 

Example 2.10. Let H = (-j=-) be a quaternion algebra. In [27] (§ 2.3), we have seen that 

F 

1_ i<g)i 7(8)7' k®k. 

t/ = - i(8)i + — + Sr^-^- 

4 a b ab 

is the Galois element of the F-Galois-Azumaya extension -0 : F — >■ if. Let us mention 
on the way that the Nakayama automorphism v is in this case equal to the identity of 
H. Indeed, the trace map tr : H — ► F is given by tr(co + c\i + cij + c^k) = 4co, where 
Co + c\i + C2J + csk G H. Take as Galois basis x\ = 1, x<i = i, xs = j, X4 = k ; y\ = 1/4, 

m 

y 2 = z/4a, y 3 = j/4b, y 4 = -k/Aab. Then i/(c) = J~] tr(a^c)^ = c. 

i=l 

Let us now describe the automorphism £ v with more details. Decompose the 16- 
dimensional F- vector space H® F H into four subspaces Vi, Vj, V}, V/- each of them of di- 
mension 4 in the following way. 



Vector space 


Basis 


Vi 


(1(81, k§ 




Vi 


(l®i, i®l,j<g>k, H 


5j) 


Vj 


(l<8j, j<8l, k®i,i& 


?>fc) 


v k 


(1<8>/c, fe(g)l, 





Then H®pH = V\ @ Vi @ Vj @ Vk and each of the subspaces Vi,Vi,Vj, Vk is stable under 
In the given bases, is represented by the matrix S u in (it = k), where 



=1 



1 

ab 



a 

1 

-1 

6 



6 

-1 
ab 

1 

JL 

a 



-ab\ 
1 ' 

? 
1 / 



/ 1 
1 

-1 

A 

ab 



1 
1 

-1 
ab^ 

IT 



1 

-1 
ab 
1 

-1 

a 



jb \ 



1/ 



1 
i_ 



-1 A 

ab 

1 4 



V T X =1 

X - ab *■ 



and St = -r 



/ 1 



1 

ab 



1 

J_ 
ab 
1 / 



The quaternionic extension F — > H gives moreover rise to a representation of the 
symmetric groups & n (n>2). Indeed the square of 77 in the F-algebra H®pH is 



1 



V 



■(1(8)1) 



Thus (2?7) 2 = 1(8)1, that is to say that is involutive. The assertion follows from Moore's 
presentation of the symmetric groups: for any n > 2, & n is the group generated by 
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symbols 01, . . . , o n _i subject to the relations Oi<jj = OjOi (1 < i, j < n — 1 and \i —j\ > 1), 
a i+1 (7i(7i +1 = OiOi+xOi (1 < i < n — 1) and of = 1 (1 < i < n — 1). 

2.4. A fundamental example of a Galois-Azumaya extension: the n'th power norm residue 
algebra. 

Let F be a commutative field and n > 2 an integer. Suppose that the multiplicative group 
F x of .F contains a primitive n-th root of unity £, that is an element of order n in F x . 
Choose once and for all two elements a, b G F x . With these datas, following Milnor [24] (§ 
15) (we refer also to [8] (§ 11) or to [29] (15.4)), one explicitly constructs a central simple 
associative algebra in which n plays the same role as 2 does for quaternion algebras. This 
is done in the following way (see [21] (16.22, iv)): 

Let Q be the quotient ring F[X]/(X n — a) of the polynomial ring F[X] in one indeter- 
minate X by the ideal (X n — a). Denote by x the image of X by the canonical projection 
F[X] — > Q. By the euclidian division algorithm, {1, x, x 2 , . . . , x n ~ 1 } is a basis of the F- 
vector space Q. The F-algebra homomorphism s : F[X] — >■ F[X] defined by s(X) = (X 
induces a F-algebra automorphism a : Q — > Q that is of order n in Aut(Q). Identify the 
cyclic group (a) generated by o with Z/nZ. Take now the free Q-module S based on the 
set {u m | m = 0, . . . , n — 1} indexed by the group Z/nZ. As an F- vector space, S has 
the basis {x m u m \ m, m' = 0, . . . , n — 1}. Put on S the multiplication determined by 
the relations 

x n = a, u n = 6, and ux = Qxu. 

The F- vector space S becomes an algebra S, called the n 'th power norm residue algebra 
(or a symbol algebra [16]) and denoted by (a, 6, £)f- It is an Azumaya algebra of degree n 
([8],§ 11). 

Remark: The n'th power norm residue algebras clearly generalize quaternion algebras: let 

F be a field of characteristic different from 2 and a,b G F x . Then (^-) is isomorphic to 

F 

a b 

(a,b,—l)p [29]. Therefore, following Pierce, one denotes (a,b, ()p also by (ttt)- 

Theorem 2.11. Let F be a commutative field. Take two elements a and b in F x , and 
n > 2 an integer. Suppose that the multiplicative group F x of F has an element £ 
of order n. Let (a, b, ()f be the n'th power norm residue algebra. Then the extension 
F — >■ (a, 6, Qf is (Z/nZ) 2 -Galois-Azumaya with Galois element 

n— 1 ^ rs 

r] = V ^—,x r u s m n ~ r u n - s . 

^-^ abn 2 

r,s=0 

Proof. Set S = (a,b,Qp and G = (Z/nZ) 2 . It is already known that S is an Azumaya 
F-algebra ([21], Proposition 16.24). It remains to show that the extension F — > S is 
G-Galois. 

Denote by with < i,j < n — 1, the elements of G. It is easy to see that the 

formula 

(i,j)-(qu m ) = *j(q)e m u m 



14 Philippe NUSS 

defines an action of G on S (here < m < n — 1 and q G Q)- Thus, if a = (1,0) 
and /3 = (0, 1) are the two canonical generators of G, one gets a(x) = x, a(u) = 

n-l 

(u, (3(x) = (x, and (3{u) = u. Suppose now that q m u m G S G . Then, in particular 

m=0 

n— 1 n— 1 n— 1 n— 1 

(0, 1) • QmU m = ^2 q m u m , that is ^ a(g m )-u m = ^ QmU m . But (w m ) <m<n-i is a 

m=0 m=0 m=0 m=0 

Q-basis of S, thus, for any m, one has cr(g m ) = g m . 

n-l 

Pick now an element q = ak% k G Q which is invariant under cr. This means that 

fc=0 

n— 1 n— 1 

^ afcX fc = ^ cik( k x k . Again (x fc )o<fc< n -i is an F-basis of Q, therefore cik = cik( h , for all 

fc=0 k=0 

k, thus afc = as soon as k > 1. So (/ belongs to F. Conversely, it is clear that an element 
ao G F is invariant under G. Hence S G = F. 

Before we end the proof, we write down an important formula that is readily deduced 
from the multiplication law in S given above. For any r, s, i,j,k,l& {0, . . . , n — 1}, an easy 
computation gives 

x r u s (i,j)(x k u l ) = ( a +i k+ka x r+k u a+l . 

In particular, 

x r u s (ij)(x n - r u n - s ) = C (ls+Jr+rs) ab. (2) 
Having this rule of calculus in view, we claim that the following equality is true: 

r (£ ^^®^ _r « n - a )=*(o,o)- (3) 

r,s=0 

This is then sufficient to show that ip : F — ► S is G-Galois, since formula (3) exactly 
means that there exists a Galois basis (see [27], Definition 1.6 and Theoreme 1.5). Let us 
prove (3). 

^ n—l 

According to (2), the left-hand side is equal to — ^ ^ C~^ r+ls ^(i,j)- The coef- 

71 (i,j)eGr,s=0 

n—l n — l n—l n—l 

ficient of 6 {i ,j) is ^ £-0>+«) = ^ C^C^iCY)- But the cyclotomic sum ^(C" fc )* 

r,s=0 r=0 s=0 i=0 

is equal either to 0, when k is different from 0, or to n, when k = 0. □ 

Remark: Taking n = 2, x = i, u = j, xu = k, one verifies that the tensor decomposition of 
the Galois element in Theorem 2.11 coincides with that of the l/-Galois-Azumaya extension 
ip : F — > H given in Example 2.10. 

Similarly to the case of Hamilton's quaternion, where Theorem 1.3 shows that the 
inclusions R — > C and C — > H are both Z/2Z-Galois extensions, one deduces, with the 
notations adopted above, the following result: 
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Corollary 2.12. Let F be a commutative Geld. Take two elements a and b in F x , and 
n > 2 an integer. Suppose that the multiplicative group F x of F has an element £ of 
order n. Let Q be the quotient ring F[X]/ (X n — a). Then the extensions F — > Q and 
Q — > (a,6, C)f are Z/nZ-Galois. Moreover Q is the maximal commutative subring of 
(a, 6, C)f- 

The maximality of Q in (a, 6, Q F is shown in [21] (Proposition 16.24). The definition of 
Q is in fact the usual cyclic extension performed over an n-kummerian ring ([10], Chapter 
0, § 5) (recall that an n-kummerian ring is a commutative ring which contains n _1 and a 
root of the n-cyclotomic polynomial). 

Corollary 2.13. Let n > 2 be an integer and F be a commutative field such the multi- 
plicative group F x of F has an element ( of order n. Then the extension F — > M n (F) is 
(Z/ nZ) 2 -Galois- Azumaya. 

Proof. The matrix algebra M n (F) is a particular case of n'th power norm residue algebras: 
choose a primitive n-th root of unity ( and a, b G F x , then M n (F) is isomorphic to (a, 6, Q f 
if (and only if) b G N E / F (E X ) or equivalently if (and only if) a G N K / F (K X ), where 
E = F(a«), K = F(6«), and N L / F is the norm map L x — > F x for any finite extension 
L/F ([21], Chapter 16). For instance (1, 6, () F = M n (F) . □ 

3. The Brauer-Galois group of a commutative ring. 

3.1. The category <5al R . 

We study some properties of the two subcategories of (3a[ obtained by fixing a Galois 
group, or by fixing simultaneously a base ring and a Galois group (of course, an analogue 
work can be done starting with one of the categories (Saistx, (Satcent or (Satcom). 

The functor TT a i g : (Sal — ► 2Ug fc , given on objects by 7r a z s (G, ifj : R — > S) = R, 
enables us to consider the fibre category over a fixed algebra R. Denote it by (Sal^. Its 
objects are the couples (G, ip : R — > S); a morphism from (G,ip : R — >■ S) to (G',ip' : 
R — > S') in <8ain is a couple (/, <p), where / : G' — > G is a morphism of groups and 
f : S — > S' a morphism of algebras. These data are subject to the two conditions: 
(f o i/j = if}' and ip o f(g') = g' o ip, for any g' G G' . Necessarily, (p is a morphism of .R-rings. 

Theorem 3.1. Let R be a commutative algebra. Suppose that (G,ip : R — > S) and 
(G 1 ', ip' : R — > 5") are two objects in (5akcnin (respectively in <& atSljum R ). Then the 
canonical extension ip" : R — > S®rS' is a centralizing (respectively central) GxG' -Galois 
extension that we denote by ifj®if;' . 

Proof. Let (G, ip : R — > S) and (G',ifj' : R — >■ S') be two centralizing Galois extensions. 
Since the ring R is commutative, the tensor product S®rS' comes with the multiplication 
given by (s®s').(t®t' ) = st®s't', with s,t G S and s',t' G 5". The group K = GxG' 
acts on U = S<g) R S' by {g,g') ■ (s®s') = g(s)®g'(s'), for {g,g') G K and s®s' G U. We 
must show that ip" : R — > U is iiT-Galois. In order to do that, we successively prove 
that R can be identified with the ring U K of invariants of U under K, that the associated 
morphism T : U®rU — > U(K) is an isomorphism, and finally that the extension R — > U 
is faithfully flat. 
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1) The inclusion R C U K is obvious. In order to prove U K C i?, we use an argument 
inspired by Chase-Harrison-Rosenberg [5] (Lemma 1.7) which involves descent. By [27] 
(Lemme 1.4.2), the trace morphisms trg/R and trg'/R are surjective. Choose sq G S and 
s' E S' with trg/#(so) = ^s'/r( s 'o) = 1- F° r an Y w £ the following equalities hold 

«= ((trs/ij<S)tr S / /ii )(so(8)So)).w = (^#(so)® ^ #'( s o))- w 

= Yl (9( s o)^g'(s' )).u= (9,g'){(so®s' ).u) = (tr s/R ®tY S , /R )((s ®s' ).u), 

(g,g')eK {g,g')eK 

that belongs to \m{tis/R®^S' /r) = R®rR — R- 

2) The morphism T : U® R U — ► U{K) defined by 

Y{{s®s')®{mt')) = M s ')®W))<W) 

(g,g')eK 

is an isomorphism of left .R-modules. Indeed, one may easily see that V is the composition 
P o (r 5 ®r S ') o «, where a : U® R U — ► {S®rS)®r{S'®rS') and (3 : S(G)® R S'(G') — > 
(S<S>rS')(K) are the canonic isomorphisms. 

3) Proposition 1.2 in [27] asserts that when U K = R and when T : U® R U — > U(K) 
is an isomorphism, then the extension R — >■ U is faithfully flat if and only if R is a 
direct summand of the (right or left) -R-module U. The extension R — > S (respectively 
R — > S') being Galois, R is a direct summand of the -R-module S (respectively 5"). Hence 
S®rS' contains R®rR = R as a direct summand, because the tensor product preserves 
direct limits and consequently also direct sums. 

Suppose now that (G,ip : R — > S) and (G',ip' : R — >■ 5") are Galois-Azumaya. 
Since the centre Z(S® R S') of S® R S' is isomorphic to Z{S)® R Z(S') [7], the extension 
ip" : R — > S<3 R S' is GxG"-Galois-Azumaya. □ 

Examples. 

1- Let F be a commutative field of characteristic different from 2 and let a m ,6 m (m = 

1, . . . , n) be 2n non zero elements in F. Denote by H m the quaternion algebra ( m ' m ). 

F 

By Theorem 3.1, the n-fold tensor product extension F — > H\ ® F . . .® F H n is V n -Galois. 
Observe that the tensor product H\®p H 2 of two quaternion algebras may be not a skew 
field: this is the case if (and only if) Hi and H 2 have a common splitting field which is 
separable quadratic over F [8] (§ 14, Theorem 6). For instance, let F be the field R of 

the real numbers and a = b = — 1. Thus ( — — ) is the field H of Hamilton's quaternions 

R, 

and the algebra H®^H is not a skew field. 

2.- Let F be a commutative field of characteristic different from 2 and A central simple 
algebra of degree 4 and exponent 2 (recall that the exponent of an F-Azumaya algebra 
is the order, in the sense of Group Theory, of its class [A] in the Brauer group Br(F)). 
Then the extension F — > A is l/ 2 -Galois-Azumaya. Indeed, following a well-known result 
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of Albert [16], A is necessarily a biquaternion algebra, that is a tensor product of two 
quaternion algebras over F. 

Proposition 3.2. Fix a commutative algebra R. Let ip : R — > S (respectively ip' : 
R — > S') be a centralizing Galois extension with Galois group G (respectively G') of 
order n (respectively n'). Assume that the integer nn' is invertible in S® R S' . Then the 
extension e\ : S — > S® R S' given by = s®l (s G 5") is G-Galois and the extension 
e 2 :S' — ► S® R S' given by e 2 {s') = l®s' (s' G S') is G' -Galois. 

Proof. Because of the condition on nn', the GxG'-Galois extension ip<g>ip' : R — > S® R S' 
becomes strict. Take the subgroup H = {1}xG' of GxG'. By Theorem 1.3, the inclusion 
6 :U = (S® R S') H — ► S® R S' is if-Galois. It is enough to show that (S® R S') H = S. 

Consider the right 5"-module M' = S<g> R S'. Identifying {1}xC with G' , the group 
action on M' is given by g'(s®s') = s®g'(s') (g' G G', s G S, s' G S'). So M' is a G'-Galois 

G' 

module. By Galois descent for modules [26] (Corollary 4.16), the module N = M is 
such that N'® R S' = M', that is (S® R S) G '® R S' = S® R S'. By faithfully flatness of ip', 

G' 

one concludes that (S® R S) = S and that e 2 ■ S — >■ S® R S is G -Galois. Similarly 
ei : S — > S® R S' is G-Galois. □ 

Example. Take F — > H a quaternionic extension over a field F of characteristic different 
from 2. By Proposition 3.2, the two extensions Si : H — >■ H®pH (i = 1,2) are both 
F-Galois. ' 

3.2. The Brauer-Galois group. 

Corollary 3.3. Let R be a commutative algebra. Denote by BrQai(-R) the subset of the 
Brauer group of R consisting of those classes £ G Br(R) for which there exists a finite 
group G and a G-Galois-Azumaya extension if) : R — ► S, such that £ is equal to the class 
[S] of S modulo stable isomorphisms. Then BrQ a \(R) is a subgroup ofBr(R). 

This abelian group Brcai(-R) is called the Brauer-Galois group of R. 

Proof. The neutral element of Br(R) is the class [R\. Since id : R — >■ R is a {l}-Galois- 
Azumaya extension, [R] belongs to BrQai(-R), and this set is therefore non-empty. 

Let £i, £ 2 £ Br(i2). Represent these classes by ipi : R — > Si and ip 2 '■ R — > S 2 , two 
Galois- Azumaya extensions with Galois groups G\ and G 2 . The product £1-^2 G Br(R) 
can then be represented by the R- Azumaya algebra Si<S> R S 2 (the multiplication in Si<g> R S 2 
being given by (si<g>s 2 ) ■ (ti<g>t 2 ) = siti®s 2 t 2 , for any s\,t\ G and ^2,^2 £ S 2 , is well 
defined since R is commutative and ipi (i = 1,2) is central). By Theorem 3.1, ipi_®ip 2 : 
R — > Si® R S 2 is a GixG 2 -Galois extension. Hence the set BrQai(-R) is stable under the 
product in Br(R). 

The symmetric element of [S] can be represented by the opposite algebra S°. But if 
ip : R — ► S is a G-Galois-Azumaya extension, the group G acts on S° by g(s°) = (g(s)) . 
Since R is the centre of S : the map ip° : R — ► S° is well defined. It is a G-Galois extension 
by Lemma 1.4. □ 

Remark: A similar construction can be provided in the Hopf-Galois context when one 
replaces Galois- Azumaya extensions by Hopf-Galois- Azumaya extensions. This gives rise to 
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a group BrHopfGai(-R), the Brauer-Hopf-Galois group of R, which should be less interesting 
than BrGai(-R) since it is bigger: the inclusions BrQai(-R) Q Br Hop fGai(-R) Q Br(R) hold. 

3.3. Some straightforward facts about the Brauer-Galois group. 

1) The Brauer-Galois group BroaK-S 1 ) is obviously trivial when Br(S') is trivial. Therefore 
the group BrG a i(£) is trivial for any finite field S = F q (by Wedderburn's Theorem on 
finite division rings), as well as for any algebraic extension of F q . It is also trivial for any 
algebraically closed field or for any field of transcendence degree one over an algebraically 
closed field (Tsen's Theorem) [9]. Other examples of commutative fields with trivial Brauer 
group can be found in [31] (p. 170). 

2) Let F be a commutative field of characteristic different from 2 and a, b G F x . Since 

(-^— )° = (-^-), the quaternion algebra (-?=-) is an element of order at most 2 in BrQ a i (F). 

F F F 

It is exactly of order two if and only if the Hilbert symbol (a,b)F is equal to 1, in other 

a b 

words if and only if (-^-) is not isomorphic to the matrix algebra M 2 (F) [30]. 

F 

3) For any commutative field F of characteristic different from 2, the Brauer-Galois group 
BrcaK-P 1 ) contains the quaternion group Quat(-F), that is the subgroup of Br(F) generated 
by the quaternion algebras (these lie in the 2-torsion). Under suitable conditions on the 
characteristic of F (see Theorem 2.11), the Brauer-Galois group BrQ a i(F) contains the 
subgroup of Br(F) generated by the n'th power norm residue algebras (these lie in the 
n-torsion) . 

Next we shall use a deep result due to Merkurjev and Suslin in order to discuss the 
relationship between the n-torsion of Br Q a \(F) and the n'th power norm residue algebras, 
for any n > 2. Before doing that, we have to make a short digression into if-theory. 

3.4. Connection with Milnor's K 2 and the main Theorem. 

For any abelian group A and any integer n > 2, denote by n A the n-torsion subgroup of 
A, that is the part of A annihilated by the multiplication by n. Let F be a commutative 
field. Following a famous result of Matsumoto [21] (16.49), the Milnor's -KVgroup K 2 (F) 
is generated by the symbols {a, b} (with a, b G F x ) subject to the relations 

{ab,c} = {a, c} {6, c}, {a,bc\ = {a,b} {a,c\, and {a, b} = 1 if a + 6=1. 

Suppose that the field F is such that the multiplicative group F x has an element £ of finite 
order n. Then the assignment F x ®zF x — >■ Br(F) defined by r n) i?({a, b}) = [(a, 6, £)f] 
is a Steinberg symbol, hence defines a homomorphism of groups R n ,F '■ K 2 (F) — > Br(F). 
Furthermore R n ,F annihilates n K 2 (F) and takes its values in n Br(F) (for all these facts, 
see [24]). Thus there exists a homomorphism 

R n , F : K 2 (F)/nK 2 (F) = K 2 (F)® z (Z/nZ) — n Br(F), 

called the Galois symbol, which is, following a celebrated and difficult Theorem proved by 
Merkurjev and Suslin [23], an isomorphism of groups (for the formulation we use, see [21]). 
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Theorem 3.4. Let F be a commutative Geld, and n > 2 an integer. Suppose that the 
multiplicative group F x of F has an element £ of order n. Then the Steinberg symbol 
F x ®j l F x — > Br(F) factorizes through Br Ga i(-F), hence 

n Br Gal (F) = n Br(F). 

In particular, if F is a commutative Geld of characteristic different from 2, then 2Br Ga i(F) = 
2 Br(F) = Quat(F). 

Proof. This result comes readily from Theorem 2.11, Corollary 3.3 and the Theorem of 
Merkurjev-Suslin. □ 

The case n = 2 already follows from a theorem of Merkurjev [22], which shows that the 
2-torsion of the Brauer group is Quat(F). This result implies in particular that 

- The Brauer-Galois group Br Ga i(R) of the real numbers is equal to Z/2Z, since Br(R) 
is equal to Z/2Z and is generated by Hamilton's quaternions H [28] (Example 3.8); 

- The Brauer-Galois group Br Ga i(Q) of the rational numbers is infinite, since Quat(Q) 
is infinite (see the classification of quaternion algebras via quadratic forms [9]). 

Corollary 3.5. Let F be a commutative field of characteristic zero such that, for any 
n > 2, the multiplicative group F x of F has an element of order n. Then 

Br Gal (F)=Br(F). 



Proof. The group Br(F) is torsion ([9], Corollary 4.15), hence as sets 
Br(F) = |J n Br(F) = [j n Br Gal (F) = Br Gal (F). 

n>l n>l 

□ 

Remarks. 

1) Observe that the arithmetic conditions in Corollary 3.5 are sufficient but not necessary 
since Br Gal (R) = Br(R) = {[R], [H]}. 

2) Notice that the conditions that have to be satisfied by the field F do not imply that F is 
algebraically closed (in which case Corollary 3.5 would be vacuous, the Brauer group of an 

algebraically closed field being trivial). For example take F = Q ab = Q(/z n (C)), the 

n>l 

field obtained by adjoining all roots of unity to the rationals. Then F is of characteristic 
zero and is strictly contained in the algebraic closure Q of Q. Indeed, in the absolute 
Galois group Gal(Q/Q), the only non-trivial torsion elements have order 2 ([19], VI, § 
9, Example 1), whereas Gal(Q ab /Q) = limGal(Q(/u n (C))/Q) = lim(Z/?iZ) x is isomor- 

n n 

phic to the group Z of invertible elements of the Priifer ring Z = lim(Z/?iZ) = | f Z p ; 

n p prime 

therefore Gal(Q ab /Q) = ( J~j Z/(p - 1)Z) x(Z/2Z) ([25], VI, Satz 5.1). 

p^2 prime 
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Question. Does there exist a commutative field - or even a ring - K such that Bro a i(-^) 
is strictly contained in Br (if)? 

This problem looks rather difficult to solve since very few is known in general about 
Brauer groups. A natural candidate seems to be an infinite field K of characteristic 2. 
Indeed, there exists then a central simple K-algebra that is not Galois over K (namely the 

quaternion algebra H a ^ = over K of counter-example 1.2). The technics involved 

K 

here however do not allow to show that under suitable conditions none of the representa- 
tives in the class [H a ,b] € Br(K) is Galois. 

3.5. The category (5al R (G) and base change. 

Denote by ix 9 J lg the functor from <J5al to <5pf°x2ll0 fc defined by 7t 9 J g (G^ : R — > S) = 
(G,R). Introduce the fibre category, denoted by (5al R (G) : of tt^ over (G,R). Its objects 
are the G-Galois extensions if) : R — > S, with R and G fixed. A morphism from if; : 
R — ► S to ip : R — ► 5" in (3al R (G) is a G-equi variant morphism of .R-rings <p : S — > S'. 
The full subcategories <Sa\stt R (G), <&akmt R (G), <S alburn R (G) and <5akom R (G) of <8al R (G) 
are defined in an obvious way. 

Le Bruyn, van den Bergh and van Oystaeyen proved that if ip : R — > S is a Galois 
extension of commutative rings for some finite group G, and if T is an arbitrary .R-algebra, 
then T — > S® R T is also a G-Galois extension ([20], Lemma II. 5. 1.13). Next we state 
another version of base change, assuming that the initial Galois extension is centralizing 
or central and the algebra T is commutative. 

Proposition 3.6. (Base change over an extension of commutative rings). Let R be a com- 
mutative algebra and G a finite group. A morphism of commutative algebras q : R — > T 
induces two "extension of the scalars by T" functors q\ : <3aictnt R (G) — >■ (Salcentj^G) 
and \q : &akmt R (G) — > (SatcentT(G') (resp. q\ : (J5o[2l3um i? (G') — >■ (J5ol2l3um T (G') and 
\q : <S atSljum R (G) — > (3al^um T (G)) defined by 

Qi(ip:R — ► S) = (ip T ■■ T — >T® R S) and \q(iJj : R — > S) = : T — > S® R T), 
where, for any t e T, 

ip T (t) = t<g)l and T ip(t) = lot. 

Proof. We show the proposition for instance for the left extension of the scalars by T. 
The proof paraphrases the one of Theorem 3.1. The group G acts on U = T® R S by 
g(t<S>s) = t<S>g(s), for g e G and t®s G U. The abelian group U = T(& R S is clearly a left 
T-module. Let it also be a right T-module by the formula (t(g>s) • t' = tt'<2)s, for t,t' e T 
and s e S. Since T is commutative, U becomes symmetric as a T-module. 

1) It is clear that T = T® R R C U G . A descent argument analogue to the one used 
in Theorem 3.1 shows that if u e U G ', then u G lm(idT^)tr S / R ) = T® R R = T, because 
u = (idT<S>trs/ R )((l<S>so)uj , for any fixed sq G S which verifies tis/ R (so) = 1- Indeed, set 
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m 

a 

i=i i=i 



^^ti®Si. For any g G G, one has u = tj®g(sj). So 



it = (1(8)1) • it = (id T <g>tr s/i? ) ((l®s )it) = (id T <g>trs /i? ) (^(tj®s Si)) 



i=i 

m m 

= J2J2( m 9(s )g(s l )) = ^(l®g(so))Q2t i ®g(s i )) =^2(l^g(s ))u. 

gEG i=l geG i=l geG 

2) The morphism F : U® T U — ► U(G) defined by 

T(u®u) = ug(u')5 g 
geG 

is an isomorphism of left T-modules as a composition (3 o (id.T®^s) o a, where 
a : U® R U — ► T® R S® R S and : T® R (S{G)) — ► U(G) 

are the canonical isomorphisms. 

3) At last, T is a direct summand in U, since R is a direct summand in S and the 
base change functor T®r— preserves direct limits, hence direct sums. □ 

Applications 3.7. 

- Localization. Let ip : R — ► S be a centralizing G-Galois extension and E be a 
multiplicative subset of R. Then G acts on the localized algebra T,~ X S = T,~ 1 R®rS 
of S by E via the formula 

#(-) = » 

u u 

for s 6 S and u G E. The localized morphism E -1 ?/? : E _1 i? — > E _1 ,S remains a 
centralizing G-Galois extension. In particular, for any prime ideal p G Spec(i?) (res- 
pectively maximal ideal m G Max(i?)), the morphism of local rings ip p : R p — > S p 
(respectively ip m : R m — >■ S m ) is G-Galois. 

- The case of commutative rings. The opposite functor 7r°|T : (J5alcomm opp — > 2lff fc 
to the functor n a i g defined on (5a[comm with values in 2l[gcom fc enables us to build 
over any affine /c-scheme Speci? the fibre category of 7T a i g denoted (5alcomm^ p . Ev- 
ery morphism of affine /c-schemes / : SpecT — > Speci? (or equivalently, every mor- 
phism of commutative algebras 9 : R — ► T) induces then a base change functor 
/* = 6° pp : <25atcomm^f p — > (Satcomm^. Observe that the collection of these data 
is coherent in the following sense: if / and g are composable morphisms of affine 
schemes, there exists a natural transformation <pf^ g : (fog)* — g* o /*. 

Corollary 3.8. The assignment R i — ► BrGai(-R) defines a functor Brcai from the cat- 
egory 2Ugcom fc of commutative algebras to the category of groups. For each morphism 
q : R — ► T in 2Ugcom fc , tie map BrQai(^) is the homomorphism of groups BrQai(-R) — ► 
BrGai(^) induced by the extension of the scalars q : R — > T. 
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Proof. Let g : R — > T be a morphism in 2Ugcom fc . The assignment A i — > A<£)_rT induces 
a Z-homomorphism Br(g) : Br(R) — > Br(T) ([9], Theorem 8.9). By base change over 
the commutative algebra morphism R — > T (Proposition 3.6), the Brauer functor Br : 
Stigcomfc — ► (3p restricts to Br Ga i(£>) : Br Ga i(-R) — ► Br Ga i(T). □ 

Example 3.9. Let K be a global field and Q be a complete set of valuations of K. For 
each v G O, let K v be the completion of K at v. The collection of group homomorphisms 
BrGai(-f^) — ► BrG a i(-ft^«) deduced from K — > K v provides a map 

P:Br Gal (K) — 0Br Gal (K„) 

which is a monomorphism of groups. Indeed, the injectivity of (3 immediately results from 
the short exact sequence 

— ► Br(K) — > 0Br(K„) — > Q/Z — ► 

obtained in the classical theory of Hasse-Brauer-Noether- Albert ([11], Chap. 13). 
3.6. The relative Brauer-Galois group. 

Let q : R — ► T be a morphism of commutative algebras and let Br(^) be the homomor- 
phism of groups Br(R) — > Br(T) induced by q. The kernel of Br(^) is called the relative 
Brauer group of q and is denoted by Br(T/R). If A is an .R-Azumaya algebra such that 
its Brauer class [A] lies in Br(T/R), one says that T splits A. Corollary 3.8 allows us to 
define the relative Brauer-Galois group of q : R — > T, denoted by BrQ a \(T/R), to be the 
kernel of BrQai(^); it is a subgroup of Br (T/R). 

Remarks. 

1- When R = K is a commutative field and A is a if-Azumaya algebra, A is split by 
some finite commutative Galois extension of K, say L, with Galois group G = Gal(L/K) 
([28], Corollary 3.15). This strong result does not allow any conclusion about conditions 
whether K — > A should be Galois or not. 

2.- If ip : R — > S is a finite Galois extension of commutative rings with Galois group 
G = Gal(S/R) such that the Picard group Pic(S') of S is trivial, then there is a well 
known cohomological characterization of the relative Brauer group ([28], Theorem 7.12): 
the group Br(S/R) is isomorphic to the Galois 2-cohomology group H 2 {G,S X ). Hence 
BrGai(<S 7 R) corresponds to a subgroup i/ Gal (G, 5' x ) contained in H 2 (G, S x ). 

Acknowledgments: The author wishes to thank Lars Kadison for many useful comments 
on an early version of this paper. 
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